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ENDPOINT BOUNDS OF SQUARE FUNCTIONS 
ASSOCIATED WITH HANKEL MULTIPLIERS 

JONGCHON KIM 


Abstract. We prove endpoint bounds for the square function associ¬ 
ated with radial Fourier multipliers acting on L p radial functions. This 
is a consequence of endpoint bounds for a corresponding square function 
for Hankel multipliers. We obtain a sharp Marcinkiewicz-type multiplier 
theorem for multivariate Hankel multipliers and L p bounds of maximal 
operators generated by Hankel multipliers as corollaries. The proof is 
built on techniques developed by Garrigos and Seeger for characteriza¬ 
tions of Hankel multipliers. 


1. Introduction 

Let S x be the Bochner-Riesz mean of order A > 0 defined by 

ns?m) = 

for t > 0, where T denotes the Fourier transform J-f(C) = / Rd f{x)e lx '^dx. 
One is interested in the convergence S x f —> f as t —> oo in various sense. In 
this regard, L p estimates of S x := S x and the maximal operator S x f(x) = 
su Pf>o \Stf( x )\ have been studied extensively. For A below the critical index 
pp, it is conjectured that S x is bounded on L p if and only if < p < 

d-i-^x an d that S x is bounded for the same p-range for p > 2. 

Although the conjectures remain open in the full p-range for d > 3, they 
are indeed theorems for d = 2 by Carleson and Sjorin [6j and Carbery [2], 
respectively. In addition, the work by Carbery, Gasper, and Trebels [5] 
and Carbery [3] shows that the results for d = 2 are consequences of more 
general multiplier theorems which apply to all radial Fourier multipliers. 
This involves the square function G a , 

/ r°° rlt \ 1 / 2 

Gaf{x)= \Jo lR?f{x)l 2 J) ’ 

where ^[Rf f]{C) = ^(1 — p)““ * 1 J r /(0- The square function (with Sff — 
5”" 1 / in place of Rf f) was introduced by Stein [22] for the L 2 -bound of S x 
for A > 0. 
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Let m be a bounded function on M + := ( 0 , oo) and T m be the operator 
defined by, 

Then for a > 1/2 and a fixed non-trivial smooth function cf) supported on 
[ 1 , 2 ], there is a pointwise estimate 

(1-1) g[T m f](x) < C sup||m(L )</>|| L 2 , R \G a f(x), 

t> o 

where g is a standard Littlewood-Paley square function and L 2 (M) is the 
L 2 -Sobolev space. Since \\g{T m f)\\ LP md\ is comparable to \\%nf\\ LP ^d) for 
1 < p < oo, m reduces L p estimates of T m to the study of G a , which is 
independent of a specific multiplier m. Moreover, it was shown by [3] that 
G a controls maximal operator generated by T m by a pointwise estimate, 
which gives effective L p bounds for maximal functions S * when p > 2. We 
refer the reader to [IS] for an excellent overview of various square functions. 

For 1 < p < 2, it is known that G a is bounded on L p if and only if 
« > + \ ( see E24]). On the other hand, in order for G a to be bounded 

on L p { R d ) for p > 2, the condition a > max(ci(4 — |), 5 ) is necessary, and is 
conjectured to be sufficient. The conjecture for d = 2 was verified by Carbery 
mm, yielding the L 4 bound for S° as a corollary. For higher dimensions, 
the conjecture has been verified for p > i n |17| (See also [7, [2Tj 1 . 

Furthermore, L p,2 —> L p endpoint estimates for the critical a = d(| — i) for 

a smaller p-range, p > were obtained in pS], where L p,q denotes the 

Lorentz space. 

We show that, on the subspace of radial functions, the endpoint estimate 
is valid for the conjectured p-range. 

Theorem 1.1. Let d > 2, < p < 00 and a = > |. Then 

l|G“/|| L , ad(Rd) <C||/|| L , 2d(Kd) . 

This implies a radial version of the conjecture for G a by real interpolation. 
As a consequence, one may obtain a new proof of the sharp estimate for 
radial Fourier multipliers acting on radial functions in terms of Sobolev 
spaces (see m- A much stronger result is known. Garrigos and Seeger 
HH obtained a necessary and sufficient condition for L p ,(l$L d ) boundedness 
of T m for 1 < p < -jpK ■ We note that our proof of Theorem 11.11 is based on 

in]. 

Let M m f := sup 4>0 where we additionally assume that m is 

compactly supported in (0, 00 ). For the range 1 < p < a necessary and 
sufficient condition for L p rad ( R rf ) boundedness of M m is known (see HU). By 
Theorem 11.11 we may obtain a sharp sufficient condition for L p rad bound¬ 
edness of M m in terms of Sobolev spaces for 2 < p < 00 (see Corollary 

1m 
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Our primary motivation for Theorem 11.11 comes from a more general sit¬ 
uation when multipliers and functions are assumed to be multi-radial. Let 
n £ N and d = (d\, ■ ■ ■ ,d n ) £ N n . We say that / is d -radial if there is a 
function /q on (0, oo) n such that f(x i,-" > x n) = fo(\ x i\,--- , |®n|)> where 
Xj £ R d i. In this case, we say that / is the d-radial extension of /o- 

In this paper, we are interested in the Fourier multiplier transformation 
given by a d -radial multiplier m acting on d -radial functions. A typical 
m would be a tensor product of radial multipliers. In that case, one may 
easily obtain L p bounds by iteration. Unfortunately, this argument fails 
for general m. Nevertheless, it is easy to iterate Theorem 11.11 to obtain 
estimates for product square functions. As a consequence, we obtain sharp 
Marcinkiewicz type multiplier theorems for the d -radial case. This shall be 
carried out in the multivariate Hankel multiplier setting, which improves a 
result of Wrobel [25] (see Theorem 13. ID . 

Here we state a special case of Theorem 13.11 Let us denote by R d and 
L'raA the P r °duct space R dl x ■ ■ ■ x R dn and the subspace of d -radial 
functions in L p (R rf ), respectively. Let (f> be a tensor product of n non-trivial 
smooth functions supported on the interval [1, 2]. It would be convenient to 
define the subspace Lf oc -(R n ) of L^ oc (R n ) equipped with the norm 


\\™o\\ 


2 

Lf - 

toe,O' 


sup 

te(o,oo)" 





where (i-) denotes the n-parameter dilation (t\-, ■ ■ ■ ,t n -). 


Theorem 1.2. Let 1 < p < oo and d = {d\, ■ ■ ■ , d n ) such that dj > 2. As¬ 
sume that m is the d-radial extension of a bounded function mo £ Lf oc s (R n ) 
for some a = («i, • • • , a n ) such that aj > max(|, dj\^ — ||) for 1 < j < n. 
Then 

11J 7-1 [miff] 11 L p (K dj < C-Hmoll^ ll/ll i P od ( R J ) - 

The paper is organized as follows. In Section [2] we formulate Theorem ll.il 
in a slightly more general context in terms of a square function associated 
with Hankel multipliers. In Section [3] we shall extend the results in Section 
[2] to multivariate Hankel multipliers. We shall include an application to 
Bochner-Riesz type multipliers. In Section [H product square functions are 
discussed. Pointwise estimates for multivariate Hankel multiplier transfor¬ 
mations in terms of the product square functions are obtained, which leads 
to multiplier theorems. The rest of the paper shall be devoted to the proof 
of Theorem 12.21 which is slightly more general than Theorem 11.11 In Ap¬ 
pendix, we give a proof of L p bounds of a Littlewood-Paley square function 
considered in this paper. 

In what follows, we shall frequently write A < B if A < CB for some 
universal implicit constant C which may depend on parameters including 
n,p, d, and a. 
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2. HANKEL MULTIPLIERS: SINGLE VARIABLE CASE 


Consider a radial function F on W l , such that F(x) = /(|x|) for a function 
/ on M + := (0, oo). It is well-known that the Fourier transform of F can be 
expressed by an integral transform of / which involves the Bessel function. 
Indeed, one has F VJ i [F](£) = (2ir) d/ H d f(\!;\). Here, Tl d is the modified Hankel 
transform defined by 

/•OO 

'Hdf(s) = / B d (sr)f(r)dfj, d (r), 

J o 

where B d {x) = J a- 2 (x), J a denotes the standard Bessel function of 

2 

order a , and fi d is the measure on given by dp d (r) = r d ~ 1 dr (See [23]). 
In what follows, we shall let d be a real number greater than 1. 

The operator 7i d enjoys many properties analogous to those of the Fourier 
transform including the inversion formula and Plancherel’s theorem. Let 
<S(M_|_) be the space of (restrictions to M+ of) even Schwartz functions on 
R. Then Tl d is an isomorphism on 5(R_|_) and an isometry of L 2 (id d ) with 

n d - 1 = u d . 

We are now ready to define a variant of the square function G a relevant 
to Hankel multipliers. We shall work with H -valued functions / on R + , 
where H is a separable Hilbert space, for an iteration argument to be used 
later in Section EH We define the square function Q a by 

/ r°° rl+ \ H 2 

t?“/(r)=^ \B?f (r)\ 2 Hj J , 


where H d [B%f](p) = f(1 - f)“ lr H d f(p ) for a > 1 / 2 . 

For 1 < p < 2, Q a is bounded on L p (fi d ) if and only if a > dQ — 5 ) + 
The proof is essentially contained in the proof of L p (M d ) bounds of G a . For 
2 < p < 00 , one may verify that Q a is bounded on L p (fj, d ) only if a > a(d,p), 
where 


a(d,p ) := max 



1 

P 


1 

2 


This can be done, for instance, by examining its consequences (see e.g. 
Corollary 12.31) . We show that the condition is also sufficient. 


Theorem 2.1. Let d > 1 and 2 < p < 00 . Then 

\\S a f\\ LPM < C\\f\\ LP{ ^ H) 
if and only if a > a(d,p). 

This result is obtained by real interpolation between the L 2 (p, d ) bound 
for a > 1/2 and the following endpoint bounds. 

Theorem 2.2. Let d > 1, < p < 00 and a = d{\ — Then 

\\^V\\L^ d) <C\\f\\ LP ^ d ,Hy 
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Theorem o is an immediate consequence of Theorem 12.21 Indeed, ob¬ 
serve that G a F(x ) = Q a f(\x\) if F{x) = /( \x\) and that we may identify 
L™ d (W l ) with L p,q (p c i)- In fact, all results to be discussed in the paper on 
Hankel multipliers m(p) with L p,q {pd) norm can be similarly translated into 
statements on radial Fourier multipliers m{\ ■ |) with L P T norm. 

Remark. The Lorentz space L p ’ 2 in Theorem 12.21 may not be replaced by 
L p,q for q > 2 (see m )• We do not know if Q a is actually bounded from 
L p ’ 2 {pd, H) to L p ’ q (/i c i) for some q < p, in particular for q = 2. 

Next, we shall state multiplier theorems which follow from the square 
function estimates. Let m be a bounded function on M + and T m be the 
operator defined by, 

T-Ld[Tmf]{p) = m(p)TL d f(p). 

Let <h £ <S(M_|_) such that <h(0) = 0, and be a Hankel multiplier trans¬ 
formation defined by TL d [^tf]{p) = $(f )'H d f(p). We define a Littlewood- 
Paley function g$ by 

/ roo \ V 2 

9q,f{r)= \Jo ^ tf{r) ^ H T) ■ 

Then \\g^(f)\\ LP ^ d ) is comparable to \\f\\ LP ^ d ) for 1 < p < oo. See Appen¬ 
dix. 

We shall use a specific <h given by < I > (p) = p4>{p), where is a non-trivial 
smooth function supported on the interval [1, 2]. Then for a > 1/2, there is 
a pointwise estimate similar to m 

(2-1) g®[Tmf](r) < Csup||m(L)</>|| L 2 (R) fT/(r). 

t> o 

See Section K21 Thus, we obtain the following sharp multiplier theorem in 
terms of localized L 2 Sobolev spaces. 

Corollary 2.3. Let d > 1, 1 < p < oo, and (f> be a non-trivial smooth 
function supported on [1,2]. Suppose that sup t>o ||ui(t-)0|| L 2( R ) < oo for 
some a > a(d,p). Then the operator T m is bounded on L p (p d ). 

As was discussed in Introduction, Corollarv l2.3l is not new. See also [SIS] 
for multiplier theorems on L 1 and Hardy spaces. 

Next, we turn to the maximal operators M m f : = sup t>0 |T m (t-)/l for a 
multiplier m supported in [1/2,2], From the square function estimate, we 
have L p bounds for the maximal operators M m for the range p > 2. 

Corollary 2.4. Let d > 1 and 2 < p < oo. Suppose that m is supported in 
[^, 2] and m £ L„(M) for a > a(d,p). Then 

ll^m/|lx,p( Md ) < C\\m\\ L 2^\\f\\ LP ^ d y 

This is a consequence of a pointwise estimate 

(2-2) M m f(r) < C\\m\\ Ll{u) g a f(r) 
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(see Section l4~2l) for a > 1/2. 

Corollary 12.41 is sharp in the sense that the required number of derivative 
a(d,p) cannot be decreased. This can be seen by considering the truncated 
Bochner-Riesz multiplier m(p) = (1 — p 2 )\x(p) where x is a smooth function 
supported near p = 1, discarding a harmless part near the origin. This would 
also prove L p rad bounds of S'* for 2 < p < rf _^ 9A , which was previously 
obtained by Kanjin usd 

While it is sharp, the L 2 -Sobolev condition is too restrictive to yield 
endpoint bounds. However, we recently proved that 

\\ M rn\\LP>9(n d )^LP(ji d ) ~ ( M ) ■ 

for < p < oo and 1 < q < p (see [16]). which covers endpoint bounds. 
See [33] for L p,1 ( R rf ) —> L p (R d ) bounds of S* for a smaller p-range. 

3. HANKEL MULTIPLIERS: MULTIVARIATE CASE 

The goal of this section is to extend the results of the previous section in 
the multivariate setting. Fix n £ N and d = (di , ■ ■ ■ ,d n ) € R n such that 
dj > 1. Hankel transform T-Lj acting on functions on (M + ) Tl is defined by 
'H-df(s) := Wd n • ■ • where 'Hd k acts only on the k -th variable. 

For d € N n , generalizes the Fourier transform of d-radial functions. 
Suppose that rh is d -radial extension of a bounded function m on (M+) n . 
Then the study of Tm acting on d -radial functions is reduced to the study 
of T m defined by = rrih^f. 

The operator T m have been studied only recently (see e.g. nussii). 
In particular, Wrobel [25] proved a Marcinkiewicz type multiplier theorem, 
where a smoothness condition was given in terms of a variant of L 2 Sobolev 
space. We introduce several notations in order to simplify the presentation. 

Notation. Let pj be the measure on (M-|-) n given by dpj-(s) = n ^ =1 dpd k (fife)- 
For given t ,s € M ra , we define t s and t /s the vectors given by component¬ 
wise product and division, respectively. We write t > s if tk > Sfc for 
all 1 < k < n. If s G M, we write t > s if t^ > s for all k. For 
1 < p < oo, let a(d,p) G (K+) n be the vector whose k- th component is 
max^i,dfc|| — For a given a £ (K + ) n , we shall denote by L|(M n ) 
the Sobolev space equipped with the norm ||/|| i 2 > ( RT q = [/] 

where w s (£) = IlLi(l + I 6 |)“ fc - 

Let {4>k}i<k<n be a collection of non-trivial smooth functions supported 
on the interval [1, 2], and let 4>(r) = ni-=i 4 > k( r k)- It was shown in [25] that 
T m is bounded on L p (pj) for 1 < p < oo if 

(3.1) sup||m(f -)</>|| L 2 < oo 

r>o 

'in fact, the optimal p-range d+ ^/ 2 A < V < d-i- 2 \ was obtained in m- 
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for some a > a (d , 1). Here we have used the notation ( t •) = (tr, - ■ • , t n ■) 
for the n-parameter dilation. 

By using a product version of Theorem 12.11 (see Theorem 14.11) . we may 
improve the result as follows. 

Theorem 3.1. Let d > 1 and 1 < p < oo. Suppose that m holds for 
some a > a (d,p). Then the operator T rn is bounded on L p (pj). 

This is sharp in the sense that a(d,p ) cannot be decreased. One may 
verify this from the sharpness of Corollary 12.31 by considering product type 
multipliers. Theorem 13.11 implies the following. 

Corollary 3.2. Let 1 < p < oo, a £ Z n , and a > a (d,p). Suppose that 
(3.2) sup f'” ... f“ |/ D ? m(p )| ^ ^ < OO 

t>oJt n Jt 1 h tn 

for all f3 £ Z n , 0 < /3 < a . Then T m is bounded on L p (pj). In particular, 
(13.211 holds if \D^m(p)\ < Cp~^ for all 0 < {3 < a . 

We may also extend Corollary 12.41 for the n-parameter maximal operator 
Mmf ■= sup r>0 \T m{t) f\. 

Theorem 3.3. Let d > 1 and 2 < p < oo. Suppose that m is supported in 
[|,2] n and m £ L|(R n ) for some a > a (d,p). Then 

||M m /|| iPM < C\\m\\ L% 

See Section [1] for the proof of Theorem 13.11 and 13.31 


3.1. Application to Bochner-Riesz type multipliers. Let m x (p) = 
(1 — |p| 2 ) 4 _, where |p| 2 = p\ + • • • + p\, and T A be the operator defined 
by H ( p[T x f] = m x TL ( pf. Let us temporarily assume that d £ N n . Then the 
study of the usual Bochner-Riesz means for the Fourier transform acting on 
d -radial functions reduces to the study of T x since 

S x F[x i, • • • ,x n ) = T a /(|xi|, • ■ • , \x n \) 

if F is the d-radial extension of /. Note that T x cannot be bounded on 
L p {pj) unless I \ ~ || < pf (A + |), where ||d|| = Y2=i 4- 

Corollary 3.4. Let d > 1 and A > max^/j^ — i. Then T x is bounded 
on L p (pj) if 


(3.3) 


1_1 1 f 1 

P 2 < ||d|| V + 2 
This follows from Theorem 13.11 Since Theorem 13.11 applies to general 
multipliers, not necessarily radial, one does not expect a sharp result for m x 
from Theorem 13. II for n > 1. However, we expect that one may improve the 
statement by taking advantage of m x being radial. We hope to return to 
this issue in future work. 
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Lemma 3.5. Let <f> be a tensor product of n smooth functions supported on 
[1, 2]. If 0 < /3 < A + then 


sup 
t> o 


m x (t ■)(/> 


< oo. 


Let us show how Corollary 13.41 follows from Lemma 13.51 Assume (13.31) . 
Then there is e(p) > 0 such that if we define 

= m ( A+ i) ~ e(p) 

for 1 < k < n, then a > a (d,p) and ||a || := J2j=i a j < A + By Theorem 
13.11 together with Lemma 13.51 and the trivial embedding L|- y ^ Lf , we 
have Corollary 13.41 


Proof of Lemma 1 3.51 Although the proof seems to be standard, we include 
it for completeness. We apply the standard dyadic decomposition for the 
Bochner-Riesz multipliers. Take a smooth function % supported on ^ < 
x < 2, such that Yl'iZo xi^ x ) = 1 if 0 < x < 1. Then one may write 
m x (p) = 2~ lX m X {p), where 

mH p) = 2 U (1 - H 2 ) A x(2 i (l - |p| 2 )). 


Then we have 


sup 

F>o 


m 


\t-)(f 


< 


1=0 


-l A , 


sup 

t> 0 


m x 




Since m x {t-)(j) = 0 if |f | > 1, we may assume that the supremum is taken 
over \t\ < 1. For l < 2, it is easy to show that 


sup 

f>o 


™ X (t-)<l> 


< oo 


for any /3 > 0. 

For Z > 2, we need to show that 


(3.4) 


sup 
t> 0 


m x {t-)(j) 


L2( R n) 


Here, we may further assume that 1/4 < \t | < 1 since rn x is compactly 
supported away from the origin. Moreover, by interpolation, it is enough to 
show (|3.4f) for integer (5 > 0. 

By a direct calculation, for ||y || < (3 and \t \ < 1, 

\D^[m x (t-m P ) < 2 ^ x ( 2 Z (1 - \t-p\ 2 mp), 

where \ and f are finite sums of derivatives of x and 4>, respectively. 

Thus, (13.41) follows from 

(3.5) sup /|x(2'(l — \t ■ p\ 2 ))f>(p)\ 2 dp < 2~ l . 

1/4<|F|<1 J 
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The integral on the left hand side of (13. 5 p is bounded by 


r2t n r2t\ 

J tn. J 


lx(2‘(i-H 2 ))l 


2\\i2 dpi 




dpn 

tn. 


Thus, we are led to consider the volume of the intersection between the 
box nmfc , 2 tj\ and an annulus of radius and width comparable to 1 and 
2 _i , respectively. Assume, without the loss of generality, that t\ > t 2 > 
■ ■ ■ >t n . Then t\ > c n for some c n > 0 since \t\ > 1/4. 

We claim that 

[ 2 “ lx-(2'(l - IH 2 ))! 2 ^- < 2-' 

Jtl t\ 

provided that t\ > c n , which would imply (13.51) . When evaluating the 
integral, we may assume that \p'\ 2 < 1 — (? n < 1 since p\ > c n , where p = 
(pi, p'). The claim follows from the fact that the p\ support of y(2 i (l — |p| 2 )) 
for each fixed p' with \p'\ 2 < 1 — c 2 , is contained in an interval of size 0(2~ l ). 
This proves the claim, and thus (13.5|) . □ 


4. Product variants 


4.1. Product square functions. Let ^ k \pk) = Pk4>k(Pk ) for 4>k 


as m 


1 ?// /, where 4>|^and 


Section H $tf = and R§ f = R* 

R? k act only on k- th variable. For iL-valued functions /, we define Q a by 


(4.1) 


G a f(r) = 


R?f(r) 


2 dt 

H t 


1/2 


where is the measure nK=i yy" ° n (^+) n . g$ is similarly defined as in 
mm, with in place of R° . 

We first note that for 1 < p < oo, there is a constant C > 0 such that 

The second inequality follows from the case n = 1 (see Appendix) by 
an iteration argument (See [TO, Section 2 ]). The first inequality follows 
from the second inequality by the polarization identity and \\g$f ||^ 2 (/^-) = 

C Wf\W s ,H Y 

There are product versions of the pointwise estimates ( 12 . 11 ) and ( 12 . 21 ) . For 
a > 1 / 2 , we have 

(4.2) g[T m f}{r) < C'sup||m(f-) 0|| L 2 m n) G a f{r), 

t> o 

(4.3) M m f(r)<C\\rn\\ Li{m g s f(r), 

where we additionally assume that m is supported in [1/2, 2 ] n in ()4.3[) . We 
defer the proof of the estimates in the following section. 

Given the pointwise estimates, Theorem 13.11 and 13.31 are consequences of 
the following theorem. 
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Theorem 4.1. Let d > 1 and 2 < p < oo. Then 


ga f 

if and only if a > a (d ,p). 


LP ^d) 


< c1I/IIlp( M j?) 


Proof. For the necessary condition, it is enough to consider a function /(?’) = 

rii<fc<n/fc( r fc) such that fk € LP(/j, dk ,H). Then G d f(r) = Yl k =i G ak fk(r k ), 
thus the necessary condition follows from Theorem 12.II 

An iteration argument in m gives the sufficient condition, but we shall 
include the argument for the convenience of the reader. We shall use in¬ 
duction on n with the case n = 1 given by Theorem 12.11 Suppose that the 
theorem is true for the dimension n — 1. Let a = (a',a n ) € R n_1 x R 
such that a > a(d,p). Set F(r',r n ) = Rff [/(V, -)](r n ). We regard F as a 
iL-valued function, where H = L 2 (R + , p“-, H) is a Hilbert space. 

We have \F(r',r n )\ s = G an [f{r',-)](r n ) and G d f(r) = G 3 ' [F{-,r n )\{r'). 
Thus, \\G S f\\ P LP ^ is equal to 

p oo r 

/ / \G S '[F{-,r n )\{r')\ p dpj(r')dp dri {r n ) 

Jo J(R + ) n ~ 1 

p oo p 

% / \F(r',r n )\ P & dnj(r')dp, dn {r n ) 

Jo J{ R +)— 1 U 

p poo 

= / / \G an [f {t 1 , •)] ( r n)\ p dp dn (r n )dp,ji (V) 

J( R +) n ~ 1 Jo 

p poo 

^ / \f{r'^n)\ P H dp dn {r n )dp^{r') = C\\f\\ p LP , H) , 

where the first inequality follows from the induction hypothesis. □ 


4.2. Pointwise estimates. In this section, we prove (14.21) and (14.3|) . The 
Riemann-Liouville lemma on fractional differentiation played an important 
role for the pointwise estimate given in [3]. We shall need a product 
version of the Riemann-Liouville lemma. 

Let a = (ai, • • • ,a n ) and a > 0. We define the fractional differentiation 
D d for / € L 2 (R n ) by 


F 


D°f 


(o = 


k=1 


which coincides with the usual differentiation up to constant when a € TP. 
In addition, let I a be the fractional integral defined by 


I S f(x) 



(u k - x k )ff 1 
L(«fc) 


f(u)du. 


We shall work with the Sobolev space L'J (R n ) defined in Section [3j 
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Lemma 4.2 (Riemann-Liouville). Let a > 1/2. Suppose that f G Z/|(M n ) 
and that supp/ C ]~Ifc=i( — °°> a k\- Then suppD Q / C ]/[fc=i( — °°) a fc] and 


f(x) = I S [D s f}(x), a.e. 


Proof. A proof of the statement for n = 1 was given in [3]. The proof 
continues to work for the case n > 1 with a few minor changes. For the 
convenience of the reader, we shall include the proof for n = 1 and indicate 
the changes for n > 1. 

First consider the operators Df associated with the Fourier multipliers 
(e — i£) a for e > 0. Then Df f —» D a f in L 2 as e —» 0 by the dominated 
convergence theorem. 

With an aid of Cauchy’s theorem, one may verify that 

9?W = ^r'IG - «)-“] W = jTyUoOyV* € L 1 . 

See (16.811 for a related calculation. Thus, the convolution operator If f = 
f * gf is the inverse of Df and Iff G L 2 . 

For the support condition, observe that 

Dff(x) = D^ +1 h(x), 


where h = J<H +1 “/ and [a] is the least integer such that [a] > a. Then 
the support of h is contained in (—oo,a]. Moreover, D[ a ^ +1 h is a linear 
combination of (non-fractional) derivatives of h, preserving the support of 
h. 

Next, for a fixed x G (—oo,a), one estimates \f(x) — I a {D a f)(x)\ by 


F(a) 


< 


r(a 


A« - x) a ~ l e-< u ~ x ^Dff(t) - D a f(u) 
J X 

e -e{-x) D ff _ jja j- 


du 


• - x 


\a —11 


I L 2 (D 


L 2 (A) 


where I x = (x,a). The first norm is finite and the second norm tends to 0 
as e —> 0 . 

The proof easily extends to the case n > 1. Indeed, one may extend Df 
by Df which is associated with the Fourier multipliers njt=i( e — *£ k) ak an d 
make similar multi-parameter extensions. □ 


With Lemma [4.21 product versions of the pointwise estimates given in [3] 
can be obtained without much additional work. We conclude this section 
with proofs of (14.211 and (14.311 . 

Proof of (14.211 . We may assume that \\m(t •)^|| i2 ( Rn ) < 00 f° r each t . Fix 
t G (R+) n , and let h{p ) = m{t p)<j)(p). Then by the Riemann-Liouville 
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Lemma, the support of D a h is contained in (—oo,2] n . Moreover, 

n 

(Pk/tk)<l>k(Pk/tk)m(p)Hjf(p) 


k =i 


r. n 

0 ,21" 


= C f 


= c r 


'[ 0 , 2]™ fc=1 u ktk 


Pk 

^k^k 


d f {p)D a h(u)du. 
1 


'Hrf(p)D a h(u)du 


for a.e. p £ (M + ) n . Applying 'Hr to both sides of the equality, 


\^ti T mf\(r)\H = c 6 


/ n u k kR fj( r ) Ddh ( u ) du 

'[ 0 , 2 ]- k=1 


H 


< sup\\m(t -)(/)\\ L 2 
t> o 


r \ 1/2 

/ \R?J(r)\ 2 H du) ■ 

'[ 0 , 2 ]- / 


The proof is complete after taking the L 2 ((M_|_) n , =-) norm followed by 


Fubini’s theorem and a change of variable. 


□ 


Proof of (14.3p . First observe that one may write 


m{p) 
Pi ‘ ‘ ‘ Pn 


m{p)x{p) 


for a smooth function x supported in [1/4,4] n if m supported in [1/2, 2] n . 

We apply the product version of Riemann-Liouville lemma to the function 
mx without the use of the square function g. Arguing as in the proof of 
(US), we obtain 


\T mU t)f(r)\ = C S 


Rf f(r)u S+1 D a [mx\(u) 


du 


u 


< f ( r ) ( / u a+1 D a [m X \(u) 


2 du\ 

u ) 


1/2 


<£ a /(r)[|mx|| L 2 , 


where 1 = ( 1 , • • • , 1 ), ^7 = [ 11=1 7 ^ 7 , and we have used the fact that the 
support of the function D a [mx] is contained in (—oo,2] n . Finally, we have 
H ?7 wIIl 2 .(E-) < ll m llL 2 -(R-) s i nce X is a Schwartz function. This completes 
the proof. □ 


5. Reductions toward Theorem 12.21 


5.1. Littlewood-Paley theory. Split the multiplier of R a as 

p(i-p)r 1 =Pxo(p)+a-pn~ 1 x(p), 
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where x.o>X. £ S(R+) and xo and x are supported on [0,3/4] and [1/2,2], 
respectively. Then g$ with 4>(p) = pxo(p) is a standard Littlewood-Paley 
function, which is bounded on L p {p d ) for 1 < p < oo. Thus, we may assume 
that 

n d [R?fKp) = (i - f) x(jjn d f{p). 

Using this reduction and Littlewood-Paley theory, we may localize the 
/-integral on the interval [1,2]. Choose a cut off function rj £ C'^°(M + ) sup¬ 
ported on (1/8,8) such that g(p) = 1 on [1/4,4] and define the Littlewood- 
Paley projection Lj by 7i d [Ljf](p) = rj(2~ j p)U d f (p)- We have 


[ 6 “/( 0] 2 = I" = E f f 

J 0 j■ J 2-? 

= E / = E l 


where the last equality follows from g(p)x(p/t) = x(p/t) fo r ^ € [1,2]. Thus 
by the Littlewood-Paley inequality (a discrete version of Theorem l7.4D . The¬ 
orem [272] follows from 


(5.1) 



1/2 


< 

f \ 1/2 

LP(Hd) 

^ 3 ' 




for p = 2 d/(d — 2a) and 1/2 < a < d/2. 


5.2. Dualization. Let us denote by L 2 the Hilbert space L 2 ([l, 2], dt/t). 
If gj is a function which takes values in L 2 (H*), namely that (gj)t(f) ■= 
iSj(r)](t) £ H*, then 

roo f‘2 f oo 

J J i ( R 2Jtfj( r )d9j)t(r))jdp d (r) = jI {f j (s),n^g j (s))dp d (s), 
where 

f 2 dt 

K«g(s) = K t gt(s)j 

for L 2 (H*)-v alued functions g. Thus by duality, (15.11) is equivalent to 


(5.2) 



wl\9j\ 2 Ll{H) 

V 3 


1/2 


LPfad) 


for p = 2d/(d + 2a) and 1/2 < a < d/2. 
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5.3. Decomposition. We make a dyadic decomposition following mi- For 
m € Z, we let I m = [2 m ,2 m+1 ), I* m = [2 m ~\2 m+2 ), 1% = [2 m ~ 2 , 2 m + 3 ), 
L m = (0, 2 m ), and R m = [ 2 m , oo). Then we may write 

*?/ = EK^ + + K &./1 = E + E S U + E v °-n-,f- 

m m mm 

where E^ m f, S^ m f and V° m f are defined by 7£“(/xj m ) times the charac¬ 
teristic functions Xz, m _ 2 , X/“ and Xi ? m+3 • respectively. 

We shall prove the following propositions in Section [TJ 


Proposition 5.1. Let 1/2 < a < d/2 and p = 2 d/(d + 2a). Then there is 
a constant 5(p) >0 such that 

\\^j,m-jf\\ L P,2^ dt H) — ' (jl ^\\f'X- I ™-j\\LP’°°( l j. d ,L'2(H))’ 

where the constant C does not depend on j and rn. 

Proposition 5.2. Let a > 1/2 and 1 < p < 2. Then there is a constant 
5 > 0 such that 

\\ E i,m-jf\\ LrfltJ ,H) 5 C2-W«|| /x/i> _ J || Ii(w ^ m) , 

where the constant C does not depend on j and rn. In fact, one may take 
5 = min(a — 1/2, d). 

We shall use vector notations / = {fj}j and = {S c f m f 3 } :r 

Proposition 5.3. Let a > 1/2. For each 1 < p < 2, 

\\ S mf\\ L P^ d p(H)) ~ C \\^ I m\\ L P(^ d F(L t (H))) 
with a constant C which does not depend on m. 


Proof of H5.2 1) given Proposition 15.11 1 5. 2\ and [Pi The proof to be given is 
just a minor modification of the proof given in HB, but we include it for the 
convenience of the reader. We show (j5.2|) for V-/ m -j first. 


E 

3 


E 


H 


1/2 


< 


LP’Hnd) 


EE 


x-ifj 


v a 

I v j,m-jjj 


IP 

I LP’ 2 (fi d ,H) 


1 tv 


< 

rsj 


m 



Xlm-j( r )\fj( r )\ P L 2( H) 


dpd(r] 


i/p 


where we have used Minkowski’s inequality to pull out the sum in rn and 
that P(Z) c Z 2 (Z). To be more precise, [111 Lemma 2.1] was used in order 
to deal with the Lorentz space L p ’ 2 . Next, the trivial bound 




< 



P/2 
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will finish the proof making use of the disjointness of Xi m -j an d the surnrna- 
bility of 2-\ m \ sl ' p K The proof is similar for exce Pt that we may 

show the stronger L p (p d ) bounds. 

For the case Ylm ^],m- we shall use the fact that I** overlap only finitely 
many times to get 




2 \ V 2 / \ I/ 2 


1/2 


<E*c El s w. 


Thus, by Proposition 15.31 
_ 2 ^ 1/2 

EE s i-t 

j m 


H 


< 


< 


e xi m ( e i i a? w 


LP(Hd) 
1/2 


E (El^/ilu) 


1/2 


P ^ I/P 




Ei/,Ia ?w 


A p (/id) 

1/2 


1/p 


L p (Vd) 


□ 


6. Kernel estimate 

6.1. Estimate I. The goal of this section is to obtain an estimate for the 
kernel of the operator IZJ. Note that 7 ZJf(r) can be written as 

L J 0 Ji( 1 ~J) x(^ft{s)^B d {2 J rp)B d (2 3 sp)dp d (p)dp d (s) 

/*oo 

:= / 2i d K(2ir,2is)[f(s)]dp d (s), 

Jo 

where K (r, s) is a bounded linear operator from L^(H) := L 2 ([l, 2 ],dt/t, H) 
to H. 

For / S Lf(H), define the operator /C by 

r 2 dt 

£[/](«) = j tK(tu)f(t) — , 

where J-^n(p) = (1 — p)“ _1 x(p). Then K(r,s)[f] can be written as 
K(r, s )[f] = J^ j l J L ~J) x(^jf(t)jB d (rp)B d (sp)dp d (p) 

JF\R[JC[f]](p)B d (rp)B d (sp)dn d (p). 

We shall borrow the kernel estimate from PH for the characterization of 
Hankel multipliers to obtain a rather precise estimate for the kernel K{r, s ). 
Here and in what follows, we set ujn(u) = (1 + |u|) _Ar . 
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Proposition 6.1. Let f £ L 2 t (H). Then for N e N, 


( 6 . 1 ) 


\ K (r,s)[f]\ H 


< v W[f](±r±s) 

~ N [(l + r)(l + a)](*-i)/2’ 


where W[f](x) = \JC[f]\ H *uj n (x). 


Proof. This follows from the kernel estimate in mi Proposition 3.1]; If m = 
J-^k is integrable and compactly supported in ( 0 , oo), then 


( 6 . 2 ) 



Jk [k\ ( p) B d ( pr)B d ( ps)dii d {p) 


^ r y- |fc|*wjv(±r±s) 

“ ^[(l + r )(l + s )] (d - 1) / 2 ’ 


where CV does not depend on k,r,s. 


□ 


In the proof of (16.21) . the following asymptotic formula is used. 

M 

(6.3) B d (x) = ^2^2 c ±d e±lXx ~ V ~' L ^ L + x~ M E M ,d(x) 

± v=0 

for x > 1 where Em d have bounded derivatives. The terms ±r ± s show up 
naturally by the translation arising from the oscillation term e± lx . See PH 
for details. 


6.2. Estimate II. In what follows, we shall write f a (t ) = t a f(t). The 
main result of this section is the following. 

Proposition 6.2. Let f £ L 2 (H). Then for all sufficiently large N, 

(6.4) w\f](x) < * Un(x) + ( 1 + \ x \- ) a + l \f\L?( H y 

In addition, there is a uniform estimate 

(6.5) W[f]{x)<\f\ LKH y 

Proof. Since W[f] is a convolution of |/C[/]|# and ujn, where N may be 
chosen as large as we want, it suffices to prove 

(6.6) \JC[f)(u)\ H < ^^ u ^j Ti 1 [f a }\ H *uj N (u) + ( 1 + |^) a +i l/l^(g)» 

(6.7) \JC[f](u)\ H < |/Il?(h)- 

For instance, the inequality (1 + \x — u|) _1 < (1 + |u|)(l + |x |) _1 may be 
used to obtain (|6.4D from (| 6 . 6 D . 

(16.7j) follows from Cauchy-Schwarz inequality since k £ L°°(R). 

For (16.61) . we need a standard asymptotic formula for k. 

( 6 . 8 ) n(u) = e lu (iu)~ a + 0 (|u| _( ' Q:+1 ^) as u —> Too. 

27T 

We shall sketch a proof of (16.81) at the end of this section. 
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Let us assume |w| > C for some large constant C. By (16.81) . 


\m(u)\ 


H < 


e ltu (itu)~ a f (t)dt 


+ 


H 


0(\tu\-( a+ V)f(t)dt 


H 


□ 


This estimate combined with (16.51) implies (16.61) . 

Proof of \6.Pi) . sketch. Consider the case u S> 1. By Fourier inversion for¬ 
mula and a change of variable, we may write 


KlU = 


p iu re 


P al x{p) e ~ tup dp, 


where x is a compactly supported smooth function which is 1 near 0. Intro¬ 
ducing the factor e _p , we split the integral as 

POO POO 

I + 11= / p a - 1 e-^ 1+iu)p dp+ / p a ~\x{p)e p -l)e- p e- iup dp. 

Jo Jo 

For the main term, an application of Cauchy’s theorem justifies the “change 
of variable” p —» (1 + iu)~ 1 p to get 

J _ r(q) 

(1 +iu) a ' 

For the error term, we have \II\ (1 + |tt|) _jV by integration by parts. 
Finally, Taylor expansion gives the asymptotic formula. The case u —> 


—oo follows from the case u —> oo since k(u) = k(—u). 

7. Proof of the main propositions 


□ 


Throughout the section, we shall omit the summation notation ± in 
the kernel estimate (16.11) . 

7.1. Proof of Proposition 15.11 By a scaling argument, we may assume 
that j = 0. Indeed, we have = P 0 " m [/(2“- ? -)K 2 -M- 

By dsm, 

XRm+ 3 (r)W[f(s)}(±r±s) dp d (s ) 


\V$ m f{r)\H< [ 

Jlrr 


(1 + r )(^ (1 -|- i )/2 

Then by Minkowski’s inequality, 11 ^o n J 11 2 ( JL * s bounded by 


(7.1) 


C 


/ 

Jin 


XR m +3 W if ' ±S ) 


dpd{s ) 




(1 + . J ( d — 1)/2 

Then the norm inside of the integral is bounded by 
(7.2) 


XR m+2 W[f(s)](±-) 

< 

w [/(»)](■) 

(1 + .)(d-1)/2 

LP’ 2 (Vd) " 

(i +1 • DC**- 1 )/ 2 


by a change of variable r —>• r ± s and (r ± s) ~ r, where Vd( x ) = (1 + |x|) 


d -1 


is a measure on 
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We claim that EH| is bounded by C\f(s)\ L 2 ^ H) , which would imply 


I ^0,mf 11 LP> 2 {fj, d ,H) ~ 


< 


f \ tf M 

.AJ /( )Il?w (i + «)^/ 2 


II/xj, 




x/ m (i + -)-"'- 1)/2 




xui+r fd ~ 1)/2 


by a variant of Holder’s inequality in Lorentz spaces (see m )• The proof is 
complete if we observe that 

< 2 -m (' i ( 1 /p- 1 / 2 )- 1 / 2 h 

Here we have used the assumption that 1 < p < 2 d/(d + 1). 

We turn to the proof of the claim. We separately estimate the main term 
and the error term given by Proposition 16.21 For the error term, we control 
the L p ’ 2 norm by L p norm to obtain 

f r \ 1 /p 

J (i + i/( S )i i;(H) < i/(»)i lf ,„, 

For the main term, we apply Holder’s inequality and Plancherel’s identity. 


j* 1 [/ a w] \h*u n (i + i -ir^ 


(! +'!• I) c 


~ lll-^R [/“(s)]|h * “willfulIK 1 + I • I) IL(i-l)- 1 , 


< 


M 


LH 


Il 2 (r) 

\ft(s)\ 2 H t~ 2a dt 


f 2 \ 1/2 

|2 +- 2 o^ + \ < 


LP,2(v d ) 

\f (®) Il 2 (//) • 


For the second inequality, that a = d(jj — i) was required. 


7.2. Proof of Proposition 15.21 By scaling, we may assume that j = 0. 
7.2.1. The case m < 0. By (16.11) and the change of variable s —> s ± r, 

l^oV/(OI^<2 m{d - 1) XL m _ 2 (r) [ W[f Xlm (s)}(±r±s)ds 

J I-m 

< 2 m(d-i ) XLm _ 2 (r) [ W[f Xlm (s±r)](±s)ds. 

J I* 

m 

By Minkowski’s inequality, ||7/ ( “ m /|| ^ is bounded by 

^c^rn(d— 1) 2 rn (d—l) /p 
< 2 rn ( d ~ 1 ) 


II* \JL. 


1/p 

W[f X i m {s ± r)](±s) p dr ) ds 


" \ i/p 

W[f X i m {r)](±s) p r d - l dr) ds, 
r** J 

since 7^ ± L m _2 C 7^. Applying the uniform estimate (16.51) . we get 
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7.2.2. The case m > 0. By (16.111 and the change of variable s — > s =t r, 
W)b (S 2 mW- 1 )/2 Xlm _ 2(r)( i + r) -(d-D/2 f W[fxi j s ± r)](±s)*. 

J I'm 

Then we take L p (/x^) norm, and then apply Minkowski’s inequality. Using 

\ 1 /P 

W[fxim(s±r)\(±s) p dr) ds 


r < 2 m , \\E« m f\\ Tvf " m is bounded by 


(j2 m(d-l)/p 


(7.3) 


< 


m x m 


I'm —2 

\ i/p 


We estimate the main term and the error term separately, using (16.41) . 
(17.31) for the error term is bounded by a constant times 


[ ( [ \fXlm( r )\ 

Jl* \Jl** 


\ Vp I, 

Ll{H) r ar J (! + | s |)a+l 


< 2 


'II/X7, 


m ^(Md,£?(#)) 


which has the desired decay term 2~ ma . 

The estimate for the main term requires the assumption a > 1/2. (17.31) 
for the main term is bounded by a constant times 


(7.4) 

/, (/„ [Rr 1 [[lX7m( r )]“llH * ww(±s)] p r d -'dr) ^ + ^ |)a 

<2- m (“A)( f ( f [|7- R - 1 [[/ X /„(r)n| H »a, IV (± S )]>’r' 1 - 1 *) 

W/* \4/** / 



1/2 


where we applied Cauchy-Schwarz inequality for the s-integral. 

Then by Minkowski’s inequality, Young’s inequality, and Plancherel’s 
identity, (El is bounded by 


/ poo \ i/p 

<2-(”A)||/ x ,j|„ (w _ i;m| . 


7.3. Proof of Proposition 15.31 We may assume that the function / is 
supported on I m . To show that the estimate holds for p = 2, it is enough to 
show that 

uniformly in j. But this easily follows from Plancherel’s identity and Cauchy- 
Schwarz inequality since ||77 r i[/?(),J|| T/yo < 1. 

Thus it suffices to prove a weak type inequality for p = 1, namely that 
the inequality 

M ({»' « C : |S“ f\, Hm > A}) < |||/|| L1(WiB| 


(7.5) 
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holds for A > 0 and B = l 2 (L t (H )) by a vector valued version of the 


Marcinkiewicz interpolation theorem. 

We follow the usual strategy for proving weak type inequalities. We apply 
the C alder on-Zygmund decomposition, Proposition 17. 11 to get / = g +b = 
g + Y1 V bv j where b u = {b u j}j is supported on J„ C I m and has cancellation. 
Let us denote by J* the interval with the same center as J u and twice its 
length and by Vt the union of J*. 

Then (|7.5j) for g can be shown as usual by the L 2 (/id, B ) boundedness of 
S^- I n addition, (17.511 for b reduces to 



(7.6) 


The left hand side of (17.61) is bounded by 
(7.7) 

A" 1 



Let us denote the integral on the right hand side of (17.711 by Zj tU . We 
claim that there is e > 0 such that 



Then (17.811 implies 


< 5^ min ( 2J |J I/ |, [2 J \Jv\] e )|| b„ 


" II LBl*d,B) 


< 6 , 




J 


J 


Then (17.711 is bounded by 



as desired by Proposition 17.11 


Proof of the claim m- By the kernel estimate (16. Ill , 
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using r ~ s ~ 2 m . Then 
(7.9) 


< 


< 


< 


< 


Jv Jim \'It 


2 j W[b u j(s)\(2 j (±r ± s))drdp d (s ) 


'J v 7|x|>|J„|/2 


2 i W [b Utj (s)] {2 j x)dxdp d (s) 


W[b u j(s)\(x)dxdfi d (s) 


IJ„ J\x\>2i\J v \/2 
f f l^iK,j( s )}\H *u N (x) \bv,j(s)\ L 2 (H] 

L Wi*-W7F- + (IT 


For the second inequality, we used the fact that 

|±r±s| > |r-«| > \J v \/2, 

whenever r € and s G J„. For the last inequality, we used Proposition 

3 

Choose e = (a — l/2)/2. Then the main term of (17.91) is bounded by 


C( 2 j |J,|)- 



(l + |x|) c 


- dxdfi d (s ) 


(7T0) <(2 J |J^|) e / j : |7 R 1 [6“ J (s)]|//*WAr|| i2(R) d^(s) 




where we have applied Cauchy-Schwarz, Young’s inequality, and Plancherel’s 
identity. The estimation of the error term of (I7.9j) is straightforward. 

Next we seek an inequality which is good when 2 3 \ J v \ is small. Let s u be 
the center of the interval J u . Using the cancellation of b u j, we may write 

S j,m b vA r ) = XJ“(0 [ 2 3d [K(2 3 r, 2 3 s) - K(2 3 r, 2 3 s u )][b„j(s)\dp, d (s). 

J Ju 

Let / be a L^(H)-v alued function. Then [K(2 3 r,2 3 s) — K(2 3 r,2 3 s u )][f] 
can be written as 


J MlC[mp)B d (2 3 rp)[B d (2 3 sp) - B d (2 3 s u p)]dp d (p) 

2j{S ~ Sv) So / :F ^ ,C lf}}(p) B d (2 jr p) B ' d (2 j s( T ))p d dp 


dr, 


where s(r) = s v + r(s — s u ). 

We remark that B' d has the same asymptotic expansion as B d given in 
(16.31) , thus the expression inside of the bracket follows the same estimate for 
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K (2 J r, 2 J s(r))[/]. Since r ~ s(r) ~ 2 m for r E [0,1], an argument similar to 
the proof of the kernel estimate shows 


2 jd \[K(2 j r, 2 j s) - I<(2 j r, 2 j s t 


H 


< 2 j \ 


^ V\Jy\ 

~ 2 m(d—l) 


f 1 V d W[f](2i(±r±s(T))) 

o [(l + 2ir)(l + 2^(r))]( d - 1 )/ 2 

f 2 J "W[/](2 J '(ztr ± s(r)))dr. 

Jo 


dr 


Thus, 


< 


2 J '|J I/ | [ [ [ 2^W[b u j(s)](2^(±r =L s{r)))drdfi{s)di 

JO J Jv J^m \ 


(7.11) 


< 


2 J IT [bj/ j (s) ] (2 J x) da: dfi^ ( s ) 


< 2 J \Ju\\\bu,j\\ L i^ djL 2^ H ^, 


where the last inequality follows by a change of variable and arguing as in 

(TTIOll . □ 


Appendix: A note on ^-function 

In this section, we shall give a proof of L p bounds of the square function g$ 
by C alder on-Zygmund theory in the vector valued setting. We shall obtain 
an analogue of the gradient condition for the Hankel convolution operator 
T K f := K *d f. The materials to be discussed are quite standard and 
well-known, but Lemma 17.31 does not seem to appear in the literature. 

Calderon-Zygmund decomposition. Let B be a Banach space, and 
L p (gd,B) be the Bochner space, i.e. 

roc 

WfWU^B) = / \fWUr\ 

J 0 

for strongly measurable functions / : M + — > B. Then there is a Calderon- 
Zygmund decomposition for the functions / E L 1 (fid,B). 

Proposition 7.1. Let f E L 1 (fid,B) and A > 0. Then there are dyadic 
intervals J u with disjoint interiors and a decomposition 

f = 9 + b = g + 

V 

such that the following properties hold. 

(*) ls(»)b < C\ a.e. s and \\g\\ L i^ djB ) < \\fh^ d ,B)- 
(ii) by is supported on J v and f by(s)dgd(s) = 0. 

(Hi) f \by(s)\ B dfi d (s ) < A Hd(Jy). 

H E uHd(Jv) < A“ 1 ||/|| Z/ i (Md;jB) . 
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A proof may be found in mi, but we shall give a sketch of the proof. 
Split / = fj where fj = f xr :i and Ij = [2 J , 2 J+1 ). Define Fj(r) by the 
equation 

(7.12) 2 Fj{r) = /j(r)r d_1 

and perform the usual Calderon-Zygmund decomposition for the S-valued 
function Fj by Fj = Gj + Bj . Then we obtain fj = gj + bj , where gj and bj 
are given by equations similar to ()7.12[) . and then sum in j. 


The square function g<\,. Consider the Hankel convolution operator 

P OO 

T K f(r) = I< * d f(r) = / T s K(r)f(s)dp d (s), 

Jo 

where t s is the generalized translation given by Ti d [T s f](p) = B d (sp)'H d f(p). 
See (|7.15j) and (|7.161) for an explicit formula for r s . 

As in the Euclidean case, see e.g. WL one may extend this to the vector¬ 
valued setting. Let A and B Banach spaces, and K : M + — > C(A,B) be 
an operator valued kernel, where £(A,B) is the space of bounded linear 
operators from A to B. 

Lemma 7.2 (Calderon-Zygmund). Suppose that T K is a bounded operator 
from L r (p d ,A ) to L r (p d ,B) for some r, 1 < r < oo. In addition, suppose 
that 

(7.13) f | r s K(r) - T s K{r)\c( A , B )dp d (r ) < C. 

J\r— s|>2|s—s| 

Then T K is bounded from L p (p d , A) to L p (p d , B) for 1 < p < oo, and there 
is a weak-type inequality 

p d ({r € M + : \T K f(r)\ B > A}) < j\\f\\ L i {MtA y 

This can be shown by using Proposition 17.11 or by the general theory 
for spaces of homogeneous type. One may ask an analogue of the gradient 
condition for the Hormander condition (17.131) . 


Lemma 7.3. The following condition 


(7.14) 


implies \7.13\) . 


K\r)\ C(A , B ) < Cr-W 


Before we turn to the proof of this fact, we give an application for 
Littlewood-Paley square functions. Note that the ^-function defined in Sec¬ 
tion [ 2 ] can be regarded as a vector-valued convolution operator 


9 *f(r) = TL d [^(-/t)] * d /(r), 


where we regard H d [Q(-/t)\ as an operator valued kernel taking values in 
C(H,H ) for IL-valued functions /, where H = L 2 (M + , 
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Theorem 7.4. Let <3? £ <S(M_|_) with 4>(0) = 0. and H and g§ be as described 
above. Then for 1 < p < oo, 

Cp 1 \\f\\LP{p d ,H) ^ \\9^f\\ L P(n d ,H) - C p\\f\\LP(p d ,H)- 

Proof. We prove the second inequality. The first inequality follows from the 
second inequality via the polarization identity. We may assume that H = l 2 
and / = {fj}j, since, for instance, we may write a iL-valued function / 
as the sum f(x) = fj( x ) e j f° r an orthonormal basis {ej}j, then using 
Parseval’s identity. 

First we consider the case p = 2. By Plancherel’s identity, 

/•oo Jj. 

M/Jiiyo*,*, = l Eli nm/m *dfj\\ 2 L 2 M f 

= Uo = 

Next we verify (17.141) . Let K = "%</[<!>(•/£)] = t d TLd[®]{t-) ■ Since € 

S(R+), 

f r°o r ]+ \ V 2 n 

\R'( r )\ = l-^ / ( r )lL 2 (R + ,^) = yJ o | t d+l TidW\ ( tr )\ 2 yJ = fZ+T- 

□ 


For the proof of Lemma 17.31 we need explicit formulae for the generalized 
translation. In what follows, we shall ignore multiplicative constants, and 
write A = B if A = CB for a constant C depends only on d. One has 


(7.15) T s f(r)=[ f((r,s)e)dv{0), 

J o 

where (r, s)q = (r 2 + s 2 — 2 rs cos 0) 1 / 2 and du{6) is a probability measure on 
[0, 7r]. One may also write 


(7.16) 



f(t)dW r , s (t), 


where dW VtS (t ) is a probability measure on [|r — s|,r + s], See [141] , 


Proof of Lemma \7,3\ This observation is a combination of estimates from 
where an analogue of the Hormader-Mihlin multiplier theorem for Han- 
kel multipliers is proved. We shall denote by | • | the operator norm | • | c(A,B)- 
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By CES, 

/ 

J\r— s| >21 s—s| 

= /’ 

J |r—s|>2|s—s| 


r s K(r ) — t s K(r)\dfifi(r) 

K((r, s )e ) - -?f((r, s) e )dz/(0) 


<W(t) 


*|r—s|>2|s—s| 


r*7r /*! 


J ^[K((r,ts + (l-t)s)g)\dtdv(9) 


dnd{r). 


Let <f>(i) = (r ,ts + (1 — t)s)g. Then |<L'(i)| < |s — s\ (See [14]). Therefore, 
the last integral is bounded by 


(7.17) 


s — s 


< Is — s 



/ I A''I ((r, ts + (1 - t)s)o)dv(Q)dn d {r)dt 

0 J\r— s|>2|s— s\ J 0 
1 poo 

T ts+(i-t)s\ K >\(r) x (r)dw(r) d t, 

o 


where y(r) is the characteristic function of the set {r:|r — s|>2 |s — s|}. 

Next, we use the identity f r s f(r)g(r)d/j,d(r) = J f {r)r s g(r)d^d{ r ) and 
then analyse T ts+Iyl ~ t ' > ^x( r )■ It follows by considering (17.161) that 

T fc +(1 - t ) a - x(r) < X[|s _ s - |)00)(r) , 

for any t € [0,1] as was observed in |T4]. Thus, (17.141) implies that (17.171) is 
bounded by 


s — s 


/»oo 

/ \K\r)\dfi d (r) 
J |s—s| 


< I s - 


s — s\ 


r -(d+l) r d-l dr < C ' 


'L-s| 


□ 
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